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the homomorphisms that we study

o L -[|o be anormon C” given by the formula
H(Zlv'--aZm)HA = HZlAl +"'+ZmAm||op

for some choice of m matrices A = (A,...,A,). Let Qs be the
corresponding unit ball. Let ¢'(Q4) denote the algebra of all
functions holomorphic on any open set U containing the closed unit
ball Q4.



the homomorphisms that we study

L -[|o be anormon C” given by the formula
H(Zlv'- . ,Zm)”A = HZlAl P oo '+ZmAm||0p

for some choice of m matrices A = (A,...,A,). Let Qs be the
corresponding unit ball. Let ¢'(Q4) denote the algebra of all
functions holomorphic on any open set U containing the closed unit
ball Q A-

Given p x g matrices Vi,...,V,, and a function [ € 0'(Q,),
define, for a fixed w € Q4, the homomorphism

. (O, XL, 9f(0) Vi
pV(f) 0= ( 0 ! }(O)Iq )

We study contractivity and complete contractivity of such v
homomorphisms. @



the Parrott examples

he linear map Ly : (C", |- [[}) = #px4(C), given by the

formula

Lv(z) =21Vi+ - +z2uVm

induced by the homomorphism py.
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the Parrott examples

Consi
formula

he linear map Ly : (C™, |- [[{) = #px4(C), given by the

Lv(Z) =zuVi+-+z2uVn
induced by the homomorphism py.

The contractivity (resp. complete contractivity) of the
homomorphism py determines the contractivity (resp. complete
contractivity) of the linear map Ly and vice-versa.

It is known that contractive homomorphisms of the disc and the
bi-disc algebras are completely contractive, thanks to the dilation
theorems of B. Sz.-Nagy and Ando respectively.

o



examples

, examples of contractive homomorphisms py of the

tri-disc @lgebra that are not completely contractive were soon found
by Parrott. The homomorphisms py are modelled on the examples
of Parrott. Homomorphsims of this form also provide examples of
contractive homomorphisms of the (Euclidean) ball algebra which are
not completely contractive.



examples

, examples of contractive homomorphisms py of the
tri-disc @lgebra that are not completely contractive were soon found
by Parrott. The homomorphisms py are modelled on the examples
of Parrott. Homomorphsims of this form also provide examples of
contractive homomorphisms of the (Euclidean) ball algebra which are
not completely contractive.

From the work of V. Paulsen and E. Ricard, it follows that if m > 3
and B is any ball in C” with respect to some norm, say || - ||z, then
there exists a contractive linear map L: (C™",|| - ||;) — #(7)

which is not complete contractive. The characterization of those balls
in C? for which contractive linear maps are always completely
contractive remained open. We answer this question for balls of the

form Q4 in C2. 739
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linear maps on the dual unit ball

tforward application of the vonNeumann inequality shows
that supj;__i{llpv(f)llop : / € O(Qa)} <1 if and only if
sup)g)..=1{[[ov(&)llop : § € O(L2a),8(0) =0} < 1. Thus py is
contractive on ¢(Q,) if and only if it is contractive on the subset of
functions which vanish at 0.
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functions which vanish at 0.

o Let Q) denote the unit ball of the normed linear space (C™, || [l4)*.
An easy application of the Schwarz lemma then shows that

Q4 = {(31£(0), 3£ (0), -+ , Inf(0)) : f € Hol(Qa, D), £(0) =0}.
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linear maps on the dual unit ball

tforward application of the vonNeumann inequality shows
that su H[szl{HpV(f)HOP f S ﬁ(.Q.A)} <1 ifand only if

sup|ig =1 {11V (8)llop : & € O(Q4),8(0) =0} < 1. Thus py is
contractive on ¢(Q,) if and only if it is contractive on the subset of
functions which vanish at 0.

Let Q) denote the unit ball of the normed linear space (C™,||-[|4)*.
An easy application of the Schwarz lemma then shows that

Q4 = {(31£(0), 3£ (0), -+ , Inf(0)) : f € Hol(Qa, D), £(0) =0}.

Hence ||pv|| <1 iff supyy_—ipo)=0 I|Xi%1 9if(0) Villop < 1. Thus
the induced linear map Ly(w) =z, V| +---+2z,V,, is contractive if
and only if the homomorphism py is contractive.



complete contractivity

lomorphic function F: Qa — ., define

" (3 l.
PP (F) = (py (Fy))iimy = (TG TReODen).

Using a method similar to that used for py it can be shown that
oIl <1 if and only if sup{|| £, (AF(0)) @ Vill} < 1,
where the supremum is taken over all holomorphic functions
F:Qp — ()1, F(0)=0. Thatis, by repeating the argument used
for py, we have
Hka | <1 if and only if HL(\f)H <1,
where LV (C" @ M || - I ) = (Mo R Mp g, || |lop) is the map
LY (©1,0;,-,0,) =00 Vi + 0@ Vo +---+0,,®V, for
(@1,@2, 906 ,@m) € My,



the polynomial P

o Ave eful construct for our analysis is the matrix valued
polynomial Py : Qa — (A4, || |[op)1 defined by

Pa(z1,22," ,2m) = 2141+ 22A2+ -+ - + ZmAm,

thatis, [[Pallw:=sup, ... ca, [Pa(z)]lop =1 by definition.



the polynomial P

o Ave eful construct for our analysis is the matrix valued
polynomial Py : Qa — (A4, || |[op)1 defined by

Pa(z1,22," ,2m) = 2141+ 22A2+ -+ - + ZmAm,

that is,

|PA || := SUP(z, - ) €@ |Pa(z)||lop =1 by definition.

e The typical procedure used to show the existence of a
homomorphism which is contractive but not completely contractive is
to construct a contractive homomorphism py (by making a suitable
choice of V) and to then show that its evaluation on P, , that is,

(n)

Py’ (Pa), has norm greater than 1.



defining function and test functions

) € B> x B?, define p&a’ﬁ) : QA — C to be the map
222) = (Pa(z1,22) 0, B) = 21 (A1, B) + 22 (A2, B), which is
linear. The sup norm || pga’ﬁ ) |l <1 by definition.
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defining function and test functions

) € B? x B2, define p&aﬁ) :Qa — C to be the map
>Z2) = <PA(Z1 7Z2)aﬂﬁ> =21 <A1 a7ﬁ> +Z2<A2a>ﬁ>7 which is
linear. The sup norm || p&a’ﬁ ) |« <1 by definition.

Let &5 denote the collection of linear functions

5P (0, B) € B2 x B2

The map P,, which we call the defining function of the domain and
the collection of functions s, which we call a family of test
functions encode a significant amount of information relevant to our
purpose about the homomorphism py. For instance, py is
contractive if its restriction to %7 is contractive. By evaluating p£,2>
on P4, one may often detect the lack of complete contractivity —

5 2
SUD|| || 8]|=1 HPV(Pl(;a'ﬁ))H < HP\</)(PA)H~
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the example of the (Euclidean) ball algebra

e Choosing A= ((}9),(3)). weseethat Qs defines the
Euclidean ball B* in C2.

Theorem
For any pair V| = (vn v12) Vo= (vzl vzz) and Qp =B?, we have

(i) supygoyai=t VLI = 1 G 32)112,,
.. 2 )
(i) [P (Pa)lZ =11 (2 32) 13-

: 2 .
Consequently, SUp|jq|—||g|1 HPV(PI(;O[ ﬁ))H < Hp\(,)(PA)Hop if Vi and V,
are linearly independent.



unitary equivalence and linear equivalence

[(z1,22)la = [l21 (UALW) + 22(UA2 W) [lop = [| (21, 22) I 5.
There are therefore various choices of the pairs (A;,A»), related as
above, which give rise to the same norm which may be used to ensure
Aj is diagonal.
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There are therefore various choices of the pairs (A;,A»), related as
above, which give rise to the same norm which may be used to ensure
Aj is diagonal.
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unitary equivalence and linear equivalence

= (UA|W,UA,W) for any pair of 2 x 2 unitary matrices U
hen

1(z1,22)la = llz1 (UA1 W) + 22(UA W) op = | (z1,22)]I3-
There are therefore various choices of the pairs (A;,A,), related as

above, which give rise to the same norm which may be used to ensure
Aj is diagonal.

and

For z= (z1,22) in (C?||-|la), let T be the linear transformation
21 =pz1 t922,22 =121 + 522,

where p,q,r,s € C. Then ||Tz|a = ||z|5,A=T®]I

In our study of the existence of contractive homomorphisms which

are not completely contractive, two sets of matrices A = (A,A>)

and A = (Z] ,Zz), which are related through linear combinations as
above, yield the same result.



a reduction

A has already been chosen to be diagonal, we consider

ations as above with ¢ =0 to preserve the diagonal
structure of A;. By further conjugating with a diagonal unitary and a
permutation matrix it follows that we need to consider only the
following three families of matrices:

l Al l A |

1 b

) deC <c O)ce@,beR+
1 b

) deC (C O)ce(C,beR+

1 0 0 b
(0 d)de(C (C 0>ce(C,beR+

/N
O -
QU O

/N
o
—_ o




the dual space

= ((1) (1)) Ay = (8 (1)) . In this case, the dual norm || - HEA is

givi the formula:
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the dual space

1 =(39).,4=(9}). Inthis case, the dual norm |- o, is
the formula:

| |2 +4]w " o]

T o] wm| > 5
(@1, @)[lo, = 4[a] ' || 2

| | if [ < 51

Equipped with the information about the dual norm we can directly
construct a pair V= (V;,V») suchthat ||Ly|| <1 and

2
ILP A > 1.
Theorem
Picking V| = (% 0) ,Vo = (0 1), we have

Consequently pvy, for this choice of V= (V|,V>), is contractive on m
O(QA) but not completely contractive.



the dual space

1 =(39).,4=(9}). Inthis case, the dual norm |- o, is
the formula:

| |2 +4]w " o]

T o] wm| > 5
(@1, @)[lo, = 4[a] ' || 2

| | if [ < 51

Equipped with the information about the dual norm we can directly
construct a pair V= (V;,V») suchthat ||Ly|| <1 and

2
ILP A > 1.
Theorem
Picking V| = (% 0) ,Vo = (0 1), we have

(i) IILV||(<c2,u-||gA>H<CZ.H~H2> =1,

Consequently pvy, for this choice of V= (V|,V»), is contractive on m
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the dual space

1 =(39).,4=(9}). Inthis case, the dual norm |- o, is
the formula:

|y [>+4] s | if o
|1 2+4|an 2 o] > 191,
(@1, )[lo, = 4o | ' || 2
] if || < 191,

Equipped with the information about the dual norm we can directly
construct a pair V= (V;,V») suchthat ||Ly|| <1 and

129 @)l > 1.
Theorem
Picking V| = (% 0) Vo=(0 1), we have
@ vl 15, @ i) = 1
(i) L& Pa)l = /3.

Consequently pvy, for this choice of V= (V1,V5), is contractive on m
O (QA) but not completely contractive.
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(z1,22) — zlA‘1 + ng‘Z give rise to distinct operator space structures
on (C?,||-]|>) and for many others.



operator space structure

nce of contractive homomorphisms which are not
completely contractive, in many cases, may by established by
comparing different isometric embeddings of the space (C?,||-|/4)
into (.7, ||-|/op) which lead to distinct operator space structures.
For instance, the two embeddings (zj,z2) — z1A| + 224, and
(z1,22) — zlA‘1 + ng‘Z give rise to distinct operator space structures
on (C?,||-]|>) and for many others.

The opposite phenomenon also occurs, namely, many distinct
isometric embeddings of (C?, |- ||a) into (4, ]| |op) yield
(completely isometric) operator space structures. This is seen easily
by means of the lemma that follows.

o



operator space Structure, contd.

[0%]

d a0, €C, we have H (“11'" aﬂ)“‘” (al HBH> H



operator space structure, contd.

d aacc, wehave || (% 2 |=|(5 120

[2%]
e Now consider the pair A = (A},A;) with
A= (0 az) JAy = <8€> Given any m X n matrix B with

|B|| = |B| we have the following isometric embedding of
(C2 11 lla) into (Aomsns |- llop)

ZlOCllm ZzB
5 — .
(Zl ZZ) < 0 11 a21n>

For various choices of m,n and the matrix B this represents a large
collection of isometric embeddings, all of which give the same
operator space structure on (C?, || -||a)!



Thank you!



