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space # be a commuting tuple of bounded linear
operators possessing an open set Q ok (joint)
ciacnvalucc; of constant mul+ip|ici+y.




The Cowcn-Douglas closs

Let T=(1,...,Ty) ac+ing onh a complcx ecparalolc Hiber+
space # be a commuting tuple of bounded linear
operators possessing an open set Q ok (joint)
ciacnvalucc; of constant mul+ip|ici+y.

Assumina that the linear span of the ciﬁcnvchror‘s 7(w),
weQ, is dense in s provides a model for such
operators, namely, they can be redlized as the adjoint
of the m- tuple of multiplication operators
M=(M,,...,M,) on some reproducing kernel Hilbert

space of holomorphic Functions defined on o
+al<ing values in C", where n is the constant mul+iplici+\/

of the eigenvalues.
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alternatives

The commuting tuple M defines a module multiplication
oh ## over the Polynomial rinﬁ:

(p7h) ’_>Mpl’l7 JZAS (C[Z], he s,
where (M,h)(z) = p(2)h(z) and conversely.

The commu’ring tuple defines a holomorphic Hermitian
vector bunde Er on Q' i={weC":weQ} by choosing the
Liber of Ey at w to be the eigenspace of m* at w. Note
al these Fibers are a gulaepacc of a Fixed Hiber+
space H.

Theorem (Cowcn—Doualas) Two commuting tuples T and
T are unitarily equivalent if and only it the vector
bundles Er and E; are locally equivalent via a

holomorphic bundle map.
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G/H, for some closed subgroup H of G
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Let G be a locally compact second countable group
ac-Hna on Q +ran9'|+ivc|y. Thus, Q is a G- space and
assuming that the action is continuous, it is of the form
G/H, for some closed subgroup H of G

The cxamplcs will be cxPIicH- consis-l-ing of the Euclidean

bal B,, and the bi—holomorphic outomorphism group of
B,

IF this action lifts to the vector bundle Er, that is, g€ G
also defines an automorphism g of Er 5 0 such that
ng = gm, then the vector bunde Er is equivariont, or
Cquivalcnﬂy, via the Cowcn—Douglas theorem the
operator T is homogeneous, hamely, g(T) is unitarily
equivalent to T.

It is a spccial Leature of this class of opcraJror‘G thot E

a choice of the intertwining (T and ¢(1)) unitary U,
exists so that the map ¢— U, is strongly continuous. 4
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refinement of the Cowen-Douglas theorem

For simplicity, we only consider the case n=2. Thus,
the dimension of the eigenspace at weQ is 2

Even for a single operators T € By(Q) extracting explicit
invariants From the Cowen-Douglas theorem is not

easy. Therefore, looking for a smadller class of
opcraJrors is worthwhile.

£ m=1, then For any T € By(Q) ac-Hna oh a Hiber+t space
H#, there exists a dccomposiﬂon H = 5, where the
symbol & stands For the orthogonal direct sum of the
two Hilbert space, such that

T— <g g),ABeBl(Q),S:%ﬁ—)%.

Now, impose the condition AB = BA.

This ensures the existence of holomorphic Plag FCE
compaﬂblc with +he module action. 5
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inclusion along with the curvature of Er Forms a
complete set oF unitary invariant For T.




the meaning of all this

Roughly speaking, the second fundamental Form of this
inclusion along with the curvature of Er Forms a
complete set oF unitary invariant For T.

The intertwining condition we impose also defines a
cocycle via B: The module map is

p(A) Bp'(C)

0 p(c))h,pe(C[z],hG%”.

(p,h) = mph := (

Here, the cocycle o:Cld] x #¢ — H#, is dekined os:
(p,+) = Bp/(C). Without the intertwining condition, the
Lunctional caleulus is much more complicai'cd

Equ’lvalcnﬂy, the short sequence of Hibert modules
over the polynomial ring

004 5 # 5 =0

is exact but not split.




commu+ing +uplc«; in the CD class

Let T=(71,...,Tn) € B2(Q). We say that T it
there exist:
(i +wo commuting tuples A = (A1,...,A,) € B1(Q), and
C=(C1,...,Cn) € B1(Q);
(i) bounded operators si,....8,: He — i, satiskying the
intertwining condition

AiS;=S8;Ci, 1<i,j<m,
with r‘cspec+ to some dccomposiﬁon H = IO,

T = (A" S"), [
e

Define o, A — H lay o, =S;. Then the cocyclc
condition is

0,Cj—Ajoy; = 0;,Ci—Ajoy, L<i,j<m.

o

e

This is the First-order cocycle condition for extending

the module structures from 7 and # to the direct
sum 7 = HHOHE. 7




the module compaﬂlailﬁy

What about compatibility with the module action? I£ we
pick a polynomial p, it is clear that

A (o]
p(T) = (”(0) p((c"){)
where ¢ must be a cocyclc. So, scHin@ o(z)=S5; and
defining o, by the requirement
o(pq) = p(A)o(q)+o(p)p(C),
it is easy to verify that o, defined recursively is well
defined by the commutativity of the tuple T.
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the module compaﬂlailﬁy

What about compatibility with the module action? I+ we
p Y
pick a polynomial p, it is clear that

A (o]
p(T) = (”(0) p((c"){)
where ¢ must be a cocyclc. So, scHin@ o(z)=S5; and
defining o, by the requirement
o(pq) = p(A)o(q)+o(p)p(C),
it is easy to verify that o, defined recursively is well
defined by the commutativity of the tuple T.

The commu+a+ivi+y of the +uPIc T ac+ua|l\/ Follows from
the intertwining condition impor;ccl by the requirement

of a qclaa.

A simple computation actually gives: p(T)12 =Y}, Skg—g(ck
p€Clz].
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This is an afFine space (hot a vector space in ﬁcncral).
The infertwining condition picks out a subspace, hamely,

AiS;=5,C, 1<i,j<m This defines a linear subspace of all
Poesilalc extensions.
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The set of all extensions is parametrized (this is just

the commutativity of 1) by:
{(S1,...,Sm) 1 AiS; — S;Ci =A;Si — 8;Cj, 1 <i, j<m}.

This is an afFine space (hot a vector space in ﬁcncral).

The infertwining cohdition picks out a subspace, hamely,

AiS;=5,C, 1<i,j<m This defines a linear subspace of all

possible extensions.

The 3cncral solutions s that Form a cocyclc is an
of-Fine space. But the linear subspacc ‘;aﬂsP\/ng the
intertwining conditions, we expect ensures the
extension is honsplit (or equivalently, strongly
irreducible) i s is not a . A coboundary s is
of the Form s,=A.x —XC, 1<i<m For some Xx: 4 — 4.
This was proved for m=1 earlier.

An extension can Fail to split without 9a+i9?yin3 the

strong intertwining condition! 5
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Cowen-Douglas bundle and the Plaﬂ

The Cowen-Douglas bunde E; Fits into a short exact
sequence of holomorphic Hermitian vector bundes:
0—=Efs—Er —-Ec—0.

Let B cQ9(Q,Hom(Q,F)). Write B=Y", Bdz. We
require By € Hom,(Q,F) to be holomorphic bundie maps
for each k.

The intertwining relations A;S; = S,C; say that each B,
i5 a module map between the CowenDouglas line bundies
Ec — Ey.

For each weQ and he € Ec(w), we have

ET(W) = { <hA +5:(hc)> thy € Ez (W),hc S Ec(w)} .
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the definition of a 12\% is intrinsic

Ih Carlson-Clark language, an extension is given Ia\/ a
cocyc\c 0 : A x He — 4 wWith values o (z,-) =S, on
3cncra+or9.

Now, changing the splitting (ie. choosing a difFerent
bounded right inverse of the quotient map) changes o
by a colooundary: o — 6+ 86X, where

(6X)(a,k) =a-Xk—X(a-k).
So the extension class is the equivalence class (o], hot a
gpcci-(:ic choice of o.

Thus the intertwining condition is equivalent to the
statement: the extension class [o] admits a
representative with o (z,-) =S and A8, = $iG;, 1<ik<m.
This depends only on the class [o], not on the splitting
The representative is hot unique, but the existence of g
such a representative is invariont.

In other words, the extension class is rcprcscrﬂ-cd
lay a holomorphic 1- coc;\/clc with values in Hom(Q, F).
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defines a positive definite kernel on B,




cxamplc;, the Bcr'gman metric

For s>0, the kernel B (z,w)=(1—(z,w))™%, z,weB,, is
positive definite. Let

32
— (s) n
H(w) = ((aWiawj log BY (w, W)))i,jzl‘
In this case, that is, where the orc(irlary Woallach set has

no discrete points, it can be shown that 7 ) (w) also
defines a positive definite kernel on B,

We have the Following transtormation rule for ¢ ) (w)
matching that of the kernel B, namely,

J{(‘V)(W) = D(p(w)%(x) (9(w))' Do(w),

where ¢ is any bi-holomorphic automorphism of the ball
B, and Dg(w) is the complex derivative of ¢. Thus, 7
accor‘cling to a natural cocycle, namely, (¢,w)=Do(w).




the cxPIicH compu+a+ion

Evidcnﬂy, we have

A= T2

s {w,wj iEij

1=y wl? Fi= .
ki




the cxplicH compu+a+ion

Eviclcnﬂy, we have

s W,'Wj l-pl;éj
VAES

A= [w?)Z Y 1-Xr, el Fi=.
ki

Moreover, (1-|w|?) =% (w) wil define a positive definite
kernel on B, for ony s>0 independent of n. Let #0 be
the Hibert space of holomorphic functions defined on
B, uniquely dekined by the reproducing kernel
(1= [w[2) = O (w). Clearly, det(Dp(w))'D(w) is dlso a
cocyclc, therefore, the map

(Up-1£)(z) = (det Dp(w))' Do (w)(f o @)(w), f € A,
defines a unitary homomorphism From the
lolhoomorphlc au+omor'|9h|9m group ofF B, to the unH'ar‘\/

group on tne Hllbchr space i), Where
KO = (1—[|w[?) =57 (w)




action of the uni+ar'\/ group

Now, we hote that the vector bunde determined by
the commuting tuple of multiplication (rather the
adjcints) operators is homogeneous -

Note that the unitary representation U, has the
?ollowiﬂa consequences.

- IF g is unitary, then it acts irreducibly on the Fber at
0, which is ieomorphic to C".

- This means that the algebra gcncra’rcd by the
co-effcients of the curvature is the Full matrix
algebra and consequently, the homogeneous bundle E is
irreducible with respect to the Hermition structure
induced by the Bergman metric.
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Now, we hote that the vector bunde determined by
the commuting tuple of multiplication (rather the
adjcints) operators is homogeneous -

Note that the unitary representation U, has the
?ollowiﬂa consequences.

- IF g is unitary, then it acts irreducibly on the Fber at
0, which is ieomorphic to C~.
- This means that the algebra gcncra’rcd by the

co-effcients of the curvature is the Full matrix
algclara and consequently, the homogeneous bundie E is

irreducible with rcspchr to the Hermition structure
induced by the Bergman metric.

For simplicity, taking n=2, and note that the curvature
co-efFicients of the metric at (0,0) consists of

R R




how do we get non-trivial Plags?

This does not clieprovc the existence of a holomorphic
?Ia@. However, the oﬁl-c(iaaona\ operators can be
compu+cd relative to any choice of a holomorphic
subbundle. They are multiplication operators and cannot
possess the intertwining property since the diaaonal
elements are shifts.




how do we get non-trivial Plags?

This does not clieprovc the existence of a holomorphic
?Ia@. However, the oﬁl-c(iaaona\ operators can be
compu+cd relative to any choice of a holomorphic
subbundle. They are multiplication operators and cannot
possess the intertwining property since the diaaonal
elements are shifts.

The answer is to put together two Hilber+ modules and
Find the cocyclc to ensure compa+ibili+y. This is the jc+
construction that appears in several different
situations. To describe it br‘ic?ly, let us assume n=2.
Then the Bergmon metric K defines a Hermitian
structure for a holomorphic vector bunde of rank 2.
The Bergmoan kernel, or a power of the Bergmoan
kernel B® (z,w) = (1—(z,w))™* defines a line bundle £).
For any fe #p, consider the map

ff®e1+01fQes+daf @es. 5
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PuH'ing it all +ogc+hcr

Now, transform the orthonormal basis of #;, via T to
on orthonormal basis in the space oF holomor‘Phic

Functions defined on B, taking values in C3.

Let H®) denote the Hilbert space obtained by +aking the
linear span of these basis vectors and then complcﬁna
with respect to the inner product (If,T¢) = (f,g).

so, we have all the inar‘cdicn#; For the construction of
a honh-trivial Lm@

Consider the Hiber+ space H () uniquely determined Iay
the sum K+ B®), or equivalently, the rank. 3 holomorphic
Hermitian vector bundle defined by the Hermitian

structure: Kr+B®). The rank 2 bundle sits inside this
rank 3 holomorphic bundie as a holomorphic sub-bund\ ]

i
i




conhclusion

This gives a simultaneous triangulor Form For the pair
oF mu|+iplica+ion opcr'a+or'9 on the Hiber+t space

HO = 29 aHO),

and consequently, we get a cocycle, and a
holomorphically induced representation that goes with it!







