Random Graphs

ISI, Bangalore, 25/1/17
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hat 1s a Graph?
1s a set X' of points called vertices.



What is a Graph?
It 1s a set X of points called vertices.

Pairs (x,y) of points of called edges. (x,y) and
(y, x) are the same edge.
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What is a Graph?
It 1s a set X of points called vertices.

Pairs (x,y) of points of called edges. (x,y) and
(y, x) are the same edge.

It there are n vertices there are ( D, possible
edges.
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What is a Graph?
It 1s a set X of points called vertices.

Pairs (x,y) of points of called edges. (x,y) and
(y, x) are the same edge.

If there are n vertices there are ( D, possible edges.

A graph specifies a sub set £ from all possible edges
as being present.
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What is a Graph?
It 1s a set X of points called vertices.

Pairs (x,y) of points of called edges. (x,y) and
(y, x) are the same edge.

If there are n vertices there are ( D, possible edges.

A graph specifies a sub set £ from all possible edges
as being present.

A graph G is { X, £} vertices and subset of edges.
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random graph 1s simply one in which the edge set
s random.



A random graph 1s simply one in which the edge set
£ 1s random.

In Erdos-Renyi graphs P|(z,y) € £] = p and
different edges belong to £ independently of one
another.
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A random graph 1s simply one in which the edge set
£ 1s random.

In Erdos-Renyi graphs P|(z,y) € £] = p and
different edges belong to £ independently of one
another.

These are dense graphs with np edges coming out of
each vertex.
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A random graph 1s simply one in which the edge set
£ 1s random.

In Erdos-Renyi graphs P|(z,y) € £] = p and
different edges belong to £ independently of one
another.

These are dense graphs with np edges coming out of
each vertex.

One can think of the graph of n vertices as a
symmetric n X n matrix A of 0’s and 1’s with 0’s on
the diagonal.
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A random graph 1s simply one in which the edge set
£ 1s random.

In Erdos-Renyi graphs P|(z,y) € £] = p and
different edges belong to £ independently of one
another.

These are dense graphs with np edges coming out of
each vertex.

One can think of the graph of n vertices as a
symmetric n X n matrix A of 0’s and 1’s with 0’s on
the diagonal.

The matrix notation 1s useful.
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A random graph 1s simply one in which the edge set
£ 1s random.

In Erdos-Renyi graphs P|(z,y) € £] = p and
different edges belong to £ independently of one
another.

These are dense graphs with np edges coming out of
each vertex.

One can think of the graph of n vertices as a
symmetric n X n matrix A of 0’s and 1’s with 0’s on
the diagonal.

The matrix notation 1s useful.
Trace A” is 2|&| and trace A° is 6|A

b
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ws of large numbers.



ws of large numbers.

A N,
3 Vd °
n

|%pand



Laws of large numbers.

2|€| 6lA[ 3
2 ng /4 o

> p and

How many homomorphisms from a finite graph

H=(H E)toG = (X,E).

Random Granhs — n. 4/30



Laws of large numbers.

2|€| 6lA] 3
2 — 7 .

> p and

How many homomorphisms from a finite graph

H=(H E)toG=(XE).

t(H,G) is the number of Homomorphisms of

H — §.
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Laws of large numbers.

2|€| 6lA[ 3
TL2 ng /4 o

> p and

How many homomorphisms from a finite graph
H=(H F)toGg = (X,E).
t(H,G) is the number of Homomorphisms of

H — §.

For the Erdos-Reny1 random graph with probability
p for an edge,
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Laws of large numbers.

2|€| 6lA] 3
TL2 ng /4 o

> p and

How many homomorphisms from a finite graph

H=(H E)toG=(XE).

t(H,G) is the number of Homomorphisms of

H— G.

For the Erdos-Reny1 random graph with probability
p for an edge,

t(H,G) . . |S
s /pl\
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1S a sequence of graphs.



1S a sequence of graphs.

ﬁgf’) > 0(H). The graph limit.




G, 1s a sequence of graphs.
t(z}%”) > o(H). The graph limit.
What is o(H)?
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G, 1s a sequence of graphs.
t(z}%”) > o(H). The graph limit.
What is o(H)?

Graphon. Vertex set H = {x1,...,x;}. Edges
e c bl
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G, 1s a sequence of graphs.

t(z}%ﬂ) » o(H). The graph limit.
What is o(H)?

Graphon. Vertex set H = {x1,...,x;}. Edges
e c bl

There is a symmetric f, 0 < f < 1 on [0, 1]* with

W= Il

f(xla I‘]) ZT; Gdez
(xi,z5)=e€E
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rge Deviations

B, P)



rge Deviations
B, )
r C closed

1
lim sup — log P,|C] < — inf [(x)

n— 00 T .CCGC



Large Deviations

(X,B, P,)
For C closed
|
lim sup —log P,|C] < — inf I(x)
n—soo N xeC
For G open
|

lim inf —log P,|G| > — inf I(x)

n—oo M zeG
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Large Deviations

(X,B, P,)
For C closed
|
lim sup —log P,|C] < — inf I(x)
n—soo I xeC
For G open
|
hggggf - log P,|G] > ig(f;]( )

I(x) > 01is lower semicontinuous and has compact
level sets Ky = {x : I(x) < ¢}
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rnoulli P|X = 1]



rnoulli P|X = 1]



Bernoulli P|X = 1| = p.

1
;;§:5%X5

LDP on M ([0, 1])
I(p(-)) =




Bernoulli P| X = 1] = p.

1
EZ%XZ-

LDP on M([0, 1])
I(p()) =

/O () log pgj’) - (1— pla)) log

1 0
lim —log Elexp[) _ J(o)Xill = [ ¥(J(z))dz

n—oo N,









(v) = log E[e"*] = log[pe’ + (1 — p)]

1 —p
I —p

suplvp — P(v)] = plogg + (1 —p)log

Chebychev’s inequality for half planes.
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(v) = log E[e"*] = log[pe’ + (1 — p)]

1 —p
I —p

suplvp — P(v)] = plogg + (1 —p)log

Chebychev’s inequality for half planes.

Optimize
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(v) = log E[e"*] = log[pe’ + (1 — p)]

1 —p
I —p

sup[vp — ¥ (v)] = plogg + (1 —p)log

Chebychev’s inequality for half planes.
Optimize

We have local upper bounds in the weak topology.
Space 1s compact we get global upper bounds for
closed sets.

Random Granhs — p. 8/30



r problem 1is different



r problem 1is different

n(n—1)

~
2 — 2

e number of 1.1.d variables i1s




Our problem 1s different

n(n—1) n?
2 2

2

The number of 1.1.d variables 1s

The space is symmetric functions f on [0,1]*. Or a
functionon D ={0 <z <y < 1}
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Our problem 1s different

n(n—1) n?
2 2

2

The number of 1.1.d variables 1s

The space is symmetric functions f on [0,1]*. Or a
functionon D ={0 <z <y < 1}

The rate function when normalized by n? is
. Jioap ho(f (2, y))dzdy where

hp(f)=f10g£+(1—f)10g1_f
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e matrix A can be viewed as a function a(x, y)on
1]?



The matrix A can be viewed as a function a(x, y)on
0, 1]°
1

- . .
a(r,y) =a;on— <x < - <y<s
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The matrix A can be viewed as a function a(x, y)on
0, 1]°

- A ,
a(r,y) =a;on— <x < - <y<s

We have measures P, , on the space A of symmetric
functions a on [0, 1]* with 0 < a < 1.
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The matrix A can be viewed as a function a(x, y)on
0,17

a(x,y):ai,jon% <xr< %,]%1 <y<%

We have measures P, , on the space A of symmetric
functions a on [0, 1]* with 0 < a < 1.

The LLN says P, , — 0,
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The matrix A can be viewed as a function a(x, y)on
0,17

a(x,y):ai,jon% <xr< %,]%1 <y<%

We have measures P, , on the space A of symmetric
functions a on [0, 1]* with 0 < a < 1.

The LLN says P, , — 0,

What 1s the LDP?
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The matrix A can be viewed as a function a(x, y)on
0,17

a(x,y):ai,jon% <xr< %,]%1 <y<%

We have measures P, , on the space A of symmetric
functions a on [0, 1]* with 0 < a < 1.

The LLN says P, , — 0,

What 1s the LDP?

We are interested 1in quantities like number of
triangles.
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The matrix A can be viewed as a function a(x, y)on
0,17

a(x,y):ai,jon% <xr< %,]%1 <y<%

We have measures P, , on the space A of symmetric
functions a on [0, 1]* with 0 < a < 1.

The LLN says P, , — 0,

What 1s the LDP?

We are interested 1in quantities like number of
triangles.

[ a(z,y)aly, z)a(z, x)dzdydz
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p— O, ag’.
1,29 CLg’-
i+1,254+1 — y
9



p— O, ag.
1,29 CLg’-
i+1,254+1 — y
9

2i+1.25 — 1



_ n S n -

= U, Uo; 25 = W2i41,2j+1 = 0,
S n S

i 27+1 — A9541.25 = 1

> of triangles 1s
[ alz,y)aly, =)a(z, )drdyd:



n __ n - n S
Ba; =0,ay 9, =09,19;11 =0,
n — AN S
Mg 911 = O9;419; = 1
® No of triangles is 0 = [ a(z,y)a(y, 2)a(z, x)dxdydz

m Weak limit of a” is a(z,y) = %
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n __ n S n S
Ba; =0,ay 9, =09,19;11 =0,
n - n -
Mg 911 = O9;419; = 1
® No of triangles is 0 = [ a(z,y)a(y, 2)a(z, x)dxdydz

Y)
m Weak limit of a” is a(z,y) = %

= fa (z,y)(y, 2)a(z, z)dzdydz = §
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n __ n _ n -
Ba; =0,ay 9, =09,19;11 =0,
n - n _
Mg 911 = O9;419; = 1

® No of triangles is 0 = [ a(z,y)a(y, 2)a(z, x)dxdydz

Y)
m Weak limit of a” is a(z,y) = %
- f& xay (yaz)a(Z,fb)d:Edydz — g

= Expect %3 triangles!
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arrange the vertices. Relabel them.



arrange the vertices. Relabel them.

=1ifl1<:< 5, 7>50r1 <7< 5,0> 5



Rearrange the vertices. Relabel them.

a;;, =1itl <1< 5,5>50rl1 <j<3,

Otherwise 0

D[S
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Rearrange the vertices. Relabel them.

a;;, =1itl <1< 5,5>50rl1 <j<3,

Otherwise 0
a(x,y) =1if0 < x
U<y < <z<

D[S

< <y<lor

11
27 2

DO | —
[—

1
9
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Rearrange the vertices. Relabel them.

a; ; =1itl <:< 5, 7>50r1 < j<5,1> 75

247
Otherwise 0O

[ a(z,y)aly, z)a(z,x)dxdydz = 0
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weak topology 1s no good. Too weak.
Strong or L; topology 1s too strong.
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weak topology 1s no good. Too weak.

Strong or L; topology 1s too strong.
LLN 1s not valid.
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weak topology 1s no good. Too weak.
Strong or L; topology 1s too strong.

LLN 1s not valid.
We need some thing in between.
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d(f,g) = sup | / |/ = glh(z, y)dzdy|

hil| ]l <1




d(f,g) = sup | / |/ = glh(z, y)dzdy|

hil| ]l <1

d(f,g) = S%pI/E[f — gldzdy|



i(f.g)= s | [If = gh(a.y)dedy

hil| ]l <1

d(f,9) = Sup | /E[f — gldzdy

a(f,9) Sup \/f glh(z)k(y)dxdyl|

hk:||h]lco<1
|k oco <1



d(f,g) = sup I/f glh(z,y)dxdy

hil| ]l <1

d(f,g) = sup| / f = gldzdy|
E E

a(f,9) Sup \/f glh(z)k(y)dxdyl|

hk:||h]lco<1
|k oco <1

do(f,g) = sup| f = gldzdyl
E.F ExF






O'(H, f) — H f(il?z, Zl?j)d.fl?l e dil?k

0,1* ; eR

yntinuous in the d metric.



o(H, ) = / H f(zi, z;)dxy - - dxy
0,1]%

(i,j)eF

Continuous in the d— metric.

Replace f,, by f in one edge at a time.
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o(H, f)= /01 H [z, z;)dxy -

(i,j)eF

Continuous in the d— metric.
Replace f,, by f in one edge at a time.

W () fn (@5, ) G (T5) =
IRF. () f (2, 25)Gr(z;)
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n. 15/30



the LLN valid in the cut or box topology?



the LLN valid in the cut or box topology?
t I/, F' besubsetsof 1,2,....n.



Is the LLN valid 1n the cut or box topology?
Let £/, I'be subsetsof 1,2,...,n.
Uniformly in £ and £

2

PIY. Xy — plE|F|] | = en?] < e

iCE
JEF
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Is the LLN valid 1n the cut or box topology?
Let £/, I'be subsetsof 1,2,...,n.
Uniformly in £ and £

2

PIY. Xy — plE|F|] | = en?] < e

iCE
JEF

The number of such pairs is at most 2" x 2" = 9.
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Is the LLN valid 1n the cut or box topology?
Let £/, I'be subsetsof 1,2,...,n.
Uniformly in £ and £

2

PIY. Xy — plE|F|] | = en?] < e

iCE
JEF

The number of such pairs is at most 2" x 2" = 9.

LN holds 1n the cut metric.

Random Granhs — . 16/30



ywer bound 1s easy.



ywer bound 1s easy.

ssume p(x, y) is continuous.



Lower bound is easy.

Assume p(z,y) is continuous.
Tilt. Make X; ; Bernoulli with

Qn[Xi; = 1] = p(L,2)
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Lower bound is easy.

Assume p(z,y) is continuous.
Tilt. Make X; ; Bernoulli with

QnXij=1] = ,0(%7 %)
P gets replaced by (),, and the law of large numbers
for (),, provides the limit p(z) in the cut metric.
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Lower bound is easy.

Assume p(z,y) is continuous.
Tilt. Make X; ; Bernoulli with

QnXij=1] = ,0(%7 %)
P gets replaced by (),, and the law of large numbers
for (),, provides the limit p(z) in the cut metric.

A is a neighborhood of p and ),,(A) — 1.
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dP,
Po(A) = /A e

d(),,

1Q,
L [ og @m0,
2 Qn(A) expl Qn<A>/A 8 TP,



iP.
P(A) = / Q.

| 0,
— nA XP|l— n
QA g [ el o G210

| dQ).,
> Qu(A)yexpl—gr [ tor G2aQ)

1 n
hmmf—logP (A) > —hm—/log 16 dQ,
n?

n2
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iP.
P(A) = / Q.

| 0,
— nA XP|l— n
QA g [ el o G210

| dQ).,
> Qu(A)yexpl—gr [ tor G2aQ)

1 n
hmmf—logP (A) > —hm—/log 16 dQ,
n?

n2

> —1I(p)
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oper bound needs Szemeredi’s Regularity
leorem.



Upper bound needs Szemeredi’s Regularity
Theorem.

http://www.math.uchicago.edu/
may/VIGRE/VIGRE2011/REUPapers/LeeG.pdf
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Upper bound needs Szemeredi’s Regularity
Theorem.

http://www.math.uchicago.edu/
may/VIGRE/VIGRE2011/REUPapers/LeeG.pdf

G is a graph. Its vertices are X and its edges are £.
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Upper bound needs Szemeredi’s Regularity
Theorem.

http://www.math.uchicago.edu/
may/VIGRE/VIGRE2011/REUPapers/LeeG.pdf

G is a graph. Its vertices are X and its edges are £.

If A and B are disjoint subsets of X then e(A, B) is
the number of edges connecting A and B. |A| and

| B| are the size or the number of vertices in |A| and
|BJ.
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Upper bound needs Szemeredi’s Regularity
Theorem.

http://www.math.uchicago.edu/
may/VIGRE/VIGRE2011/REUPapers/LeeG.pdf

G is a graph. Its vertices are X and its edges are £.

If A and B are disjoint subsets of X then e(A, B) is
the number of edges connecting A and B. |A| and

| B| are the size or the number of vertices in |A| and
|BJ.

_ c(AB)
r(A, B) = Tam <1
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It P 1s a partition of X" into disjoint subsets
Ay, ..., A, then g(P) is defined as
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It P 1s a partition of X" into disjoint subsets
Ay, ..., A, then g(P) is defined as

Q(P) _ Z[T(A@,A]>]2’AZH2A]‘ < Z ’A@LLA]’ <1

1< 1<)
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It P 1s a partition of X" into disjoint subsets
Ay, ..., A, then g(P) is defined as

Q(P) _ Z[T(A@,A]>]2’AZH2A]‘ < Z ’A@LLA]’ <1

1< 1<)

We will consider partitions into £ + 1 sets where A
1S special, in which case we define
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It P 1s a partition of X" into disjoint subsets
Ay, ..., A, then g(P) is defined as

AlA; A;A;
g(P) = Y Ir(a 4P AL < S IATAT
1<) 1<J

We will consider partitions into £ + 1 sets where A
1S special, in which case we define

h(P) =

1§Z<]§k CLEAO 1<Z<k

Random Granhs ~1n. 20/30




pair (A4;, A;), ¢ # 7 # 0 of the partition P is €
oular 1f



A pair (A;, A;), 1 # 7 # 0 of the partition P is €
regular 1f

For any two subsets B; C A; and B; C A; with
1B;| > €|A;| and |B;| > €|A,| we have
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A pair (A;, A;), 1 # 7 # 0 of the partition P is €
regular 1f

For any two subsets B; C A; and B; C A; with
1B;| > €|A;| and |B;| > €|A,| we have

7(B;, Bj) —r(A;, Aj)] < e
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A partition P of the set X of n vertices of a graph

into k£ + 1 subsets Ay, Ay, ..., A; is called € regular
if
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A partition P of the set X of n vertices of a graph

into k£ + 1 subsets Ay, Ay, ..., A; is called € regular
if
’Ao‘ S €N
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A partition P of the set X of n vertices of a graph
into k£ + 1 subsets Ay, Ay, ..., A; is called € regular

it
AO < en
A1:|A2’:...:|Ak’:
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A partition P of the set X of n vertices of a graph

into k£ + 1 subsets Ay, Ay, ..., A; is called € regular
if

A() S €T
Al|=Ag| == A =d
And out of all possible pairs A;, A; with

1 < i < j < k at most ek? are not regular.
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Lemma. Given ¢ > 0 there is an ng(e) that satisfies
the following. For any integer ¢ there 1s an integer
¢'(¢,q) > g with the property that if n > ng(e) and
n > q, for any graph with n vertices there 1s an €
regular partition of its vertices X into £ 4 1 sets
Ap, Ay, ..., Ay for some ¢ with g < £ < ¢'(¢,q).
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Lemma. Given ¢ > 0 there is an ng(e) that satisfies
the following. For any integer ¢ there 1s an integer
¢'(¢,q) > g with the property that if n > ng(e) and
n > q, for any graph with n vertices there 1s an €
regular partition of its vertices X into £ 4 1 sets

Ap, Ay, ..., Ay for some ¢ with g < £ < ¢'(¢,q).

Idea of proof. Step 1. Suppose we have a partition
AQ,Al,... ,Ak with ’A1’ — |A2| — - = ’Ak| —d
and |Ap| < on with § < + and ek pairs of 4;, A;
that are not regular.
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Lemma. Given ¢ > 0 there is an ng(e) that satisfies
the following. For any integer ¢ there 1s an integer
¢'(¢,q) > g with the property that if n > ng(e) and
n > q, for any graph with n vertices there 1s an €
regular partition of its vertices X into £ 4 1 sets
Ap, Ay, ..., Ay for some ¢ with g < £ < ¢'(¢,q).
Idea of proof. Step 1. Suppose we have a partition
AQ,Al,... ,Ak with ’A1’ — |A2| — - = ’Ak| —d
and |Ap| < on with § < + and ek pairs of 4;, A;
that are not regular.

We notice that the regularity condition has two parts.
The size of A, and the regularity of all but at most

ek’ of the pairs in A;, A, ..., Ay.
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Suppose we have a partition that 1s not regular and it
1S not because of the size of Ay. We can assume

without loss of generality that e < %. There are at

least ek pairs of sets A;, A; from the collection that
are not regular
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Suppose we have a partition that 1s not regular and it
1S not because of the size of Ay. We can assume

without loss of generality that e < %. There are at

least ek pairs of sets A;, A; from the collection that
are not regular

Let us take one such pair A;, A;, with subsets
B; C A;, B; C A; with the property
|Bi| = €|Ai|,|Bj| = €|4;] and

(B, Bj) —r(Ai, Aj)| > ¢
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Suppose we have a partition that 1s not regular and it
1S not because of the size of Ay. We can assume

without loss of generality that e < %. There are at

least ek pairs of sets A;, A; from the collection that
are not regular

Let us take one such pair A;, A;, with subsets
B; C A;, B; C A; with the property
|Bi| = €|Ai|,|Bj| = €|4;] and

(B, Bj) —r(Ai, Aj)| > ¢

We refine the partition by replacing A;, A, by
Bz’; Az f B,LC and Bj, A]‘ [ BJC
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ep 2. Any refinement increases g(P).



Step 2. Any refinement increases g(P).

We can think of x; ; = 1 or 0 depending on whether
there 1s an edge or not as random variables and the
ratio r(A;, A,) as the conditional expectation given a

sub o-field. The measure 1s the product measure #
on any pair (, j ).
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Step 2. Any refinement increases g(P).

We can think of x; ; = 1 or 0 depending on whether
there 1s an edge or not as random variables and the
ratio r(A;, A,) as the conditional expectation given a

sub o-field. The measure 1s the product measure #
on any pair (, j ).

E[|E[X|Z]]

1S Increasing in 2_.
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1t refining a pair that is not regular increases g(P)

edd?
2



But refining a pair that is not regular increases g(P)
by etd?

(A, B) is not regular. There is A, A, and By, B
that make up A and B.

ZL’Z']' — G(Ai, BJ)
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But refining a pair that is not regular increases g(P)
4d2

(A, B) is not regular. There is A, As and B, By
that make up A and B.

— G(Ai, BJ)

Lij
T =T11+ Ti2 + T21 + 22, Yi,j = IAZHJBJ\
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But refining a pair that is not regular increases g(P)
4d2

(A, B) is not regular. There is A, As and B, By
that make up A and B.

— G(Ai, BJ)

Lij
T =11+ Tz + Ta1 + T2, Yij = (A5

Z|A||BJ|2 S
(3]~ AB
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Al1B), .
yz 2> 4
Z B Y T TANE] =



A, HBJ| L 49 4
yz ] > €
Z A||B] ™ |A||B]

Since we can repeat this for ek? pairs g(P) goes up
e5k2d2

by at least
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|A HBJ| L9 4
[yz ] > €
Z A|lB] Y JA||B)

Since we can repeat this for ek? pairs g(P) goes up
e5k2d2

by at least

, k*d* > <n* and g('P) goes up
[0)% %65
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A, HBJ| L 49 4
yz ] > €
Z A||B] ™ |A||B]

Since we can repeat this for ek? pairs g(P) goes up
e5k2d2

by at least

Since , k*d* > <n* and g('P) goes up
[0)% %65

This can only happen a finite number of times. In
fact at most 2¢° times.
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In addition to A, we have at most k2"~! subsets of
unequal size. Let us subdivide them into equal

subsets of size d' = [&]
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In addition to A, we have at most k2"~! subsets of
unequal size. Let us subdivide them into equal

subsets of size d' = [&]

We will have at most k4% subsets of size d’. The sets

may not divide evenly and the leftover ones are
thrown in Aj.
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In addition to A, we have at most k2"~! subsets of
unequal size. Let us subdivide them into equal

subsets of size d' = [&]

We will have at most k4% subsets of size d’. The sets

may not divide evenly and the leftover ones are
thrown in Aj.

This procedure can be repeated and will have to end
after at most 2¢° steps.

Random Granhs — n. 28/30



In addition to A, we have at most k2"~! subsets of
unequal size. Let us subdivide them into equal

subsets of size d' = [&]

We will have at most k4% subsets of size d’. The sets

may not divide evenly and the leftover ones are
thrown in Aj.

This procedure can be repeated and will have to end
after at most 2¢° steps.

We need to keep track of vertices piled into A, and

estimate the size. Each step adds at most kd'2"~!
vertices.
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kd2k—1 o n

laok—1

e repeat the subdivision at most 2¢° times.



kd2k—1 o n

loyk—1
k2! < —p— < o

We repeat the subdivision at most 2¢° times.

Let q.(ko) be the result of iteration of the map

k — k4" repeated 2¢° times starting from k. It is
the largest number of sets in the partition we can end
up with.
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kd2k—1 o n

loyk—1
k2! < —p— < o

We repeat the subdivision at most 2¢° times.

Let q.(ko) be the result of iteration of the map

k — k4" repeated 2¢° times starting from k. It is
the largest number of sets in the partition we can end
up with.

If we we can control the size of the exceptional set
we would be done.
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The increase in the exceptional set when we have £
sets of size d 1s at most
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The increase in the exceptional set when we have £
sets of size d 1s at most

d kd n
k-1 ¢
2 Ak~ 9k+1 S 9k-+1
If the 1nitial step is ky then at every stage £ > kg,

and in 2¢ 7 steps it goes up by ne ?2L.
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The increase in the exceptional set when we have £
sets of size d 1s at most

d kd n
k—1 _
k2 4k 2k+1 S 2k+1

If the 1nitial step is ky then at every stage £ > kg,

and in 2¢ 7 steps it goes up by ne ?2L.

It is less than %, provided 22 < 2¢°
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The increase in the exceptional set when we have £
sets of size d 1s at most

d kd n
k—1 _
k2 4k 2k+1 S 2k+1

If the 1nitial step is ky then at every stage £ > kg,
and in 2¢ 7 steps it goes up by ne ?2L.

It is less than %, provided 22 < 2¢°

The initial size of Ag is at most kg and £y < 5 if n is
large enough
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The increase in the exceptional set when we have £
sets of size d 1s at most

d kd n
k—1 _
k2 4k 2k+1 S 2k+1

If the 1nitial step is ky then at every stage £ > kg,

and in 2¢ 7 steps it goes up by ne ?2L.

It is less than %, provided 22 < 2¢°

The initial size of Ag is at most kg and £y < 5 if n is
large enough

We are done!

Random Granhs — n. 30/30



