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When is C(Pn, r) ⌘ M ?

 Flatto- Newman (1977), P. Hall (1986), Bobrowski - Weinberger (2015) : 

M ⇢ Rd
, k-dimensional compact Riemannian manifold.

Boolean Model : C(Pn, r) = [X2Pn)Br(X)

If n✓krkn � log n+ (k � 1) log log n ! 1, then M ⇢ C(Pn, rn) w.h.p.

Poisson point process: Pn - Poisson(n) points on M. |Nn � n|  n3/4 w.h.p.
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Niyogi - Smale - Weinberger (2008), Bobrowski - Weinberger (2015) : 

M ⇢ Rd
, k-dimensional compact Riemannian manifold.

Pn - Poisson (n) i.i.d. uniform points on M

rn ! 0, n✓krkn � log n� (k � 1) log log n ! 1, then M ⇠
=

C(Pn, rn).

Why should we expect log n ?

Is the threshold for homotopy equivalence sharp ?

Can we infer the topology partially earlier  OR 
   all topology at one go ? 

Other topological summaries  ?

Yes, for M = Td
.

All but one

“Nice” Manifold  =  Strictly positive reach i.e., not too negatively curved. 
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C(Pn, rn) is connected w.h.p if n2d✓drdn � log n ! 1.

What accounts for the extra 2d factor ?

Connectivity  =  no isolated nodes i.e., the minimal obstacle is the last obstacle. 

Coverage = intersections of balls need to be covered 

P(an intersection is covered)  e�n✓dr
d
n

E(No. isolated nodes) = nP(a node is isolated) = nP(Pn \B2rn(O) = ;)
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Kunneth Formula :  bk(Td) =
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i1+i2+...id=k bi1(S
1) + . . .+ bid(S

1) =
�d
k

�
.

b0  = 0, b1 = 3, 0, 0…

1  k < d, bk(S) = No. of “independent” (k + 1)-dim. holes enclosed.

�k(A [B) = �k(A) + �k(B)� �k(A \B) + rk(Ker..) + rk(Ker..)
Mayer-Vietoris 

 Exact Sequence : 

b0 = 0, 2,1,0,..
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(1) ) �j = �j(Td

) only for j < k

But threshold for �d = �d(Td
) is log n+ (d� 1) log log n+ w(1).

On a coarse scale, �0 phase transition at n2d✓drdn = log n and
other homologies at n✓drdn = log n.

0-dim result  - M. D. Penrose (1999), 
General k-result - O. Bobrowski - S. Weinberger (2015), 
d-dim result - L. Flatto - D. J. Newman (1977), P. Hall (1986). 

8j  d.

n2d✓drdn = log n+ w(1) ) �0 = �0(Td
).

“All but one homology are inferred almost at one go.”
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Hypergraph connectivity “approach” : (S.K. Iyer-D.Y., 2017+)

� = [X0, . . . , Xk] a (k + 1)-hyper-edge if \k
i=0Br(Xi) 6= ;.

Gk+1(r): Graph on (k+1)-hyperedges - � ⇠ �0
if �[�0

is a (k+2)-hyperedge.

Idea : Threshold for vanishing of isolated (k + 1)-hyperedges.

Isolation : Intersection of (k+1)-balls shouldn’t be covered by another ball.

Connectivity of Gk+1  ! vanishing of �k.

Our conjecture for �1 : n✓drdn = log n� log log n.

{x : dn(x)  r} = C(Pn, r)
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Combinatorial vs Topological Connectivity

For ✏ 2 (0, 1)

P(Gk+1(Cn(rn)) is hypergraph connected) !
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0 if n✓drdn = (1� ✏) log n

1 if n✓drdn = (1 + ✏) log n
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Other topological summaries ?

“We should seek out unfamiliar summaries of observational material,  
and establish their useful properties.”   

-   John W. Tukey, “The future of data analysis”, Ann. Math. Stat., 1962.
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PDk := {(bi, di)} ⇢ {(x, y) : 0  x  y}. PD0 := {(0, di)} ⇢ {(x, y) : 0  x  y}.

Birth times: Bk = {bi} ⇢ R+. Death times: Dk = {di} ⇢ R+.

�k(Cn(r)) =
P

i 1[bi  r < di] �0(Cn(r)) =
P

i 1[r < di]

Persistent Betti Number : �k(Cn(r, s)) =
P

i 1[bi  r  s < di]

Lifetime sum : Ln,1 :=
P

i(di � bi) =
R1
0 �k(r)dr

PDk(A) =
P

i 1[(bi, di) 2 A], A ⇢ E = {(x, y) : 0  x  y}.
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Hiraoka et al :  Hierarchical structure of amorphous solids…..

Homological scaffolds for  
brain functional networks.

G. Petri et al.

Placebo Drugged

Liquid
Amorphous Crystalline
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What to understand ?

Paradigm :   Long lifetimes —> Signal / Information ;  Short lifetimes —> Noise

What is long ? 
What is short ?

�k(Cn(rn)) = 0, 8r > r⇤n , maxi di  r⇤n
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Proof Sketch : Quasi-additive

Subdivide U into cubes Qi of side-length 1/m,

F (Pn \ U) ⇡
Pmd

i=1 F (Pn \Qi)

F is translation invariant, apply Ergodic theorem to RHS and use the approximation.

F (Pn) = �k(Cn(r)) /�k(Cn(r, s)) /Ln,1 /
P

i d
p
i /

P
i b

p
i .
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Useful surveys :
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2. Mathew Kahle, Topology of random simplicial complexes. 2014.

1. Gunnar Carlsson. Topological pattern recognition for point cloud data. 2014.

3. Omer Bobrowski and Mathew Kahle, Topology of random geometric complexes. 2015


