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M C R?, k-dimensional compact Riemannian manifold.
Poisson point process: P, - Poisson(n) points on M. |N,, —n| < n?/* w.h.p.

Boolean Model : C(Pn,7) = Uxep,)Br(X)

When is C(P,,r) =M ?

Flatto- Newman (1977), P. Hall (1986), Bobrowski - Weinberger (2015) :

If nfr® —logn + (k — 1) loglogn — oo, then M C C(P,,r,) w.h.p.
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Niyogi - Smale - Weinberger (2008), Bobrowski - Weinberger (2015) :

M C RY, k-dimensional compact Riemannian manifold.

P,, - Poisson (n) i.i.d. uniform points on M

“Nice” Manifold = Strictly positive reach i.e., not too negatively curved.

rn — 0,n0,r* —logn — (k — 1) loglogn — oo, then M = C(P,,, r).

Why should we expect log n ?

Is the threshold for homotopy equivalence sharp ? Yes, for M =T

Can we infer the topology partially earlier OR All bitt one
all topology at one go ?

Other topological summaries ?
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CONNECTIVITY THRESHOLD

From now on, M =T? = 8 ... 8! d > 2. Compact manifold, 7(M) = 1/2.
=
d times

Also, T¢ =2 [0,1]¢/ ~.

Coverage threshold at nfyr? —logn — (d — 1) loglogn — co. “Sharp threshold”

Penrose (1999): (C(P,,r,) is connected w.h.p if n2%0,r¢ —logn — oo.

What accounts for the extra 29 factor ?

Connectivitly = wno Lsolated wodes L.e., the minimal obstacle Ls the Last obstacle.

E(No. isolated nodes) = nP(a node is isolated) = nlP(P,, N By, (O) = ()

Coverage = intersections of balls need to be covered

. . . e d
P(an intersection is covered) < e~ "%"x
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S R (5
1= k<db(5)

k> d, bi(S) = 0.

Ex. by(S%) = 1]d =

Kunneth Formula :

k).

bo =0, b1 =

br. (T%)

= No. of conn. components —1.

= No. of “independent” (k + 1)-dim. holes enclosed

3,0,0..

= Zil—l—ig—l—...’id:k’ bil (Sl) +

{ ‘\\ = 5 ) \

J
T 1
|
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Mayer-Vietoris
Exact Sequence :

Br(AUB) = Br(A) + Br(B) — Bx(AN B) + rk(Ker..) + rk(Ker..)
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M — Td, a7 Cn(T'n) = C(Pnﬂ“n) e b (X)
20 legn wi(l) — B L B.(1%) Yj-d

n2%0,r¢ = logn + w(l) = By = Bo(T?).

nfgré =logn + (k — 2)loglogn — w*(1) = B; = 3,;(T%) only for j < k

nfgré = logn + kloglogn + w(1) = B; = B;(T?) for j < k

But threshold for 8; = B4(T%) is logn

(d —1)loglogn

w(1).

On a coarse scale, 3y phase transition at n2%0,;r? = logn and

other homologies at nf;r¢ = logn.

“All but one homology are inferred almost at one go.”

O-dim result - M. D. Penrose (1999),

General k-result - O. Bobrowski - S. Weinberger (2015),
d-dim result - L. Flatto - D. J. Newman (1977), P. Hall (1986).
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Distance function : d,, : T% — [0, 00), d,(z) := minxep._ ||z — X]||.
id- ]l —C(P,

Conjectured phase transition for B : nfyr¢ = logn + (k — 1) loglogn.
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Connectivity of G, ¢<— vanishing of [

Idea : Threshold for vanishing of isolated (k + 1)-hyperedges.
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Distance function : d,, : T% — [0, 00), d,(z) := minxep._ ||z — X]||.
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Other topological summaries ?

“We should seek out unfamiliar summaries of observational material,
and establish their useful properties.”

- John W. Tukey, "The future of data analysis”, Ann. Math. Stat., 1962.
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Proof Sketch : Quasi-additive

F(Pr) = Br(Cn(r)) / Br(Cn(r,s)) [ Lna [ 325 di [ 22 b5

Subdivide U into cubes Q; of side-length 1/m,

Fep.nlhaST PP, 000

F is translation invariant, apply Ergodic theorem to RHS and use the approximation.
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O. Bobrowski, P. Skraba, G. Thoppe, D.Y. (2017+) :

Central limit theorem for

“Ln == fﬁkn d’l“ Z d Zz bfap Z 0.”
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F(Pp) = Be(Cn(r)) / Br(Cn(r,8)) / Ln1 / Zz df/ Zz bf'
DoF(Pr) = F(P,U{O}) — F(Py)

supn>1E(|DoF(Pp)|*) < oo

Penrose-Yukich, 2001 DoF(P,) = B Weak stabilization

Penrose-Yukich, 2001 (1) implies convergence of sum of squared martingale

differences and use Martingale CLT of Mcleish ’74.

Weak stabilization for F as above is essentially absence of “long non-trivial cycles”.

Analyse linear maps induced by the inclusions C,,(r) C C,(r) for n > m.

For Bx(r), use Mayer-Vietoris exact sequence, but rest involve more direct
analysis.
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Original idea of Martingale CLT for geometric problems due to Kesten and Lee
(1996) for length of minimal spanning tree (MST) on Poisson points i.e.,

MST on weighted graph on P,,, weight of edge X,Y = || X — Y.
w(MST) ={d; : 1 € PDy}

L.’P(MST) = Zz df?]) =

Hiraoka - Shirai (2015) / P. Skraba, G. Thoppe and D.Y. (2017) :

Minimal spanning hypertrees / acycles : w(MSAx) ={d; : 1 € PDp_1}

LMoy = ) d?;,p > 0.

More on MSAs in “A Probability Meeting to be Named Later”, May 12-14, 2017, IS| Bangalore.
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x(r) has (d — 1) zeros in d-dimensions.

Zero (in r) of x(r) corresponds to percolation threshold in d = 2.

R. Neher, K. Mecke, H. Wagner, Topological estimation of percolation thresholds.
J. Stat. Mech., 2008.

Does x(r),r > 0 reveal a lot of information ?

Robert J. Adler, TDA and the Euler Characteristic Curve. IMA Talk, 2013.
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Useful surveys :

1. Gunnar Carlsson. Topological pattern recognition for point cloud data. 2014.

2. Mathew Kahle, Topology of random simplicial complexes. 2014.

3. Omer Bobrowski and Mathew Kahle, Topology of random geometric complexes. 2015




