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Theorem 1 Let A, B,C € R. Suppose Y oo an= A, > o0 b= B, and > 7 c,= C, where ¢, =
22:1 aibp—k4+1. Then C = AB.

Proof: We begin with the following claim.

Claim : Suppose u, is a bounded sequence. Then Y >°  u,z" converges absolutely for z € [0,1).
Proof of Claim : There exists an M, such that for all n > N,

n n
IENER 3
k=1 k=1

The claim follows easily. O

By the above claim and the hypothesis of the Theorem, h, g, f : [0,1) — R given by

= i cax" M g(x) = i bpz™, and f(z i
n=1 n=1

n=1

are well-defined and by result proved in class,

h(z) = f(x)g(z), Yz el0,1).

Let € > 0 be given. Then there exists an N € N such that
max{|4, — A|,|B, — B|,|C, —C|} <€ Vn >N,

where A,, = ZZ:1 ag, B, = ZZ':l bg, and C,, = ZZ':l ¢k. Observe that for any x € [0,1),
> ana — Z Ay — A" — A
n=1 n=1

(An — A"+ Y |(An—A)x”|+|A|>

n=1 n=N+1

N
(1—2) <Z |A, — A| + |A|> +e (why?)

fla)— 4] = (1-2) (why ?)
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Similarly for all « € [0,1) we have that

N
g@@)— B < (1—a) (DB —B|+|B|>
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(1—x) Z

( C,—C|+|C|>+e

|h(z) —2C|] < |chx"—C| <
n=1



So, for any = € [0,1) we have

|C—AB| = |C—-Cz+Cx—h(z)+ f(x)g(xz) — AB|
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|C = Cx| +|Cx — h(z| + | f (=] |9(x) = Bl + |B| [f(x) = A

N

(1—2z|C|+ (1 —x) <Z|Cn—C|+|C|> +e+
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|A|+ (1 —z) <Z|An—A|+|A|>+e (1—x) <Z|Bn—B|+|B|>+e
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N N
(1—2) |IC]+ > |Cn = C|+]C| + 4] <Z|Bn—B|+|B|>+

n=1

n=1

+<§:|An—A|+|A|> <§Nj|Bn—B|+|B|+e>+

n=1 n=1

+e (i B, — B| + |B|> + 1B (i A, — Al + |A|>

n=1 n=1

te+ |Ale + €2+ |Ble

= (1 — {E)Cl + Coe + 62,

where C; = C1(N, Ay, B, Cpn, A, B,C), Cy = C2(A,B). As x € [0,1) was arbitrary,(and choice of N
does not depend on z), we can take x = 1 — ﬁ Therefore, we have

|C' — AB| < Cye + €2

As e > 0 was aribtrary we can conclude that C = AB (why?). O



