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Iφ(ω) =

 P (φ) + ω(Aφ)− s(ω) if ω ∈ S Zd(A)

+∞ if ω ∈ S (A)\S Zd(A).

{Iφ = 0} = S Zd
φ (A)

∀G ∩S Zd
φ (A) = ∅, να(G) ≤ να(G) ≤ e−1/tα infG{I

φ−ε}

In particular, when S Zd
φ (A) = {ωφ} we have

να → δωφ

For each convex open set G containing an invariant state we have

lim tα log να(G) = lim tα log να(G) = − inf
G
Iφ = − inf

G
Iφ = − inf

G∩S ′
Iφ,
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(1) lim tα log να(eĝ/tα) =: L(ĝ) = P (f + g)− P (f)

(2) For each µ ∈Mτ (Ω) there exists a sequence (µi) such that:

• {µi} =Mτ
gi(Ω)

• µi → µ

• h(µi)→ h(µ)

When both above conditions hold we get the LDP with rate function

If (µ) =

 P (f)− µ(f)− h(µ) if µ ∈Mτ (Ω)

+∞ if µ ∈M(Ω) \Mτ (Ω).

Example: Ω = SZd , τ ≡ shift, f ∈ C(Ω),

νa,f =
∑

ξ∈Pera

e
∑
x∈Λ(a) f(τxξ)∑

ξ′∈Pera
e
∑
x∈Λ(a) f(τxξ′)

δ 1
|Λ(a)|

∑
x∈Λ(a) δτxξ

L(ĝ) = lim
1

|Λ(a)|
log

∑
ξ∈Pera

e
∑
x∈Λ(a) f+g(τxξ) − lim

1

|Λ(a)|
log

∑
ξ′∈Pera

e
∑
x∈Λ(a) f(τxξ′) = P (f + g)− P (f)



When f = fφ one can take

νa,fφ =
∑

ξ∈Pera

e−Uφ(Λ(a))(ξ)∑
ξ′∈Pera

e−Uφ(Λ(a))(ξ′)
δ 1

|Λ(a)|
∑
x∈Λ(a) δτxξ

because

lim
1

|Λ(a)|
sup
ξ∈Pera

∣∣∣∣∣∣
∑

x∈Λ(a)

f(τxξ) + Uφ(Λ(a))(ξ)

∣∣∣∣∣∣ = 0
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P (φ) := lim
1

|Λ(a)|
log Tr e−Hφ(Λ(a)) variational principle

= sup
ω∈S Zd (A)

{s(ω)− ω(Aφ)}

Let B denote the Banach space of relatively short range translation-invariant interactions:

φ ∈ B if ‖φ|| := 1

|Λ|
∑
Λ30

||φ(Λ)|| < +∞

∀ω ∈ S (A), Va(ω) =
1

|Λ(a)|
∑

x∈Λ(a)

ω ◦ τx (average)

ω ∈ S (A) is a-periodic if ω = ω ◦ τx ∀x ∈ Zd(a)

∀ω ∈ S Zd(A), Ua(ω) (a-periodization)

∀A local self-adjoint, lim sup
ω∈S Zd (A)

|Va ◦ Ua(ω)(A)− ω(A)| = 0



5

Theorem 1. Let Pera be a finite set of a-periodic states for all a ∈ Zd>, and for each φ ∈ B we endow
Pera with the probability measure

pφ,Pera =
∑

ω∈Pera

esΛ(a)(ω)−ω(Hφ(Λ(a)))∑
ω′∈Pera

esΛ(a)(ω′)−ω′(Hφ(Λ(a)))
δω.

We assume that the limit
l = lim |Λ(a)|−1 log Card(Pera)

exists and is finite.

a) The following statements are equivalent:

(i) For each φ ∈ B the net (
∑
ω∈Pera

pφ,Pera(ω)δVa(ω)) satisfies a large deviation principle in S (A)

with powers (|Λ(a)|−1) and rate function

Iφ(ω) =

 P (φ) + ω(Aφ)− s(ω) if ω ∈ S Zd(A)

+∞ if ω ∈ S (A)\S Zd(A).

(ii) For each φ ∈ B we have

l = lim ε→0 lim inf
a
|Λ(a)|−1 log Card({ω ∈ Pera : Iφ(Va(ω)) ≤ ε}).

(iii) For each φ ∈ B we have

lim
1

|Λ(a)|
log

∑
ω∈Pera

esΛ(a)(ω)−ω(Hφ(Λ(a)) = l + P (Aφ).

The above equivalences hold verbatim replacing for each a ∈ Zd> and each ω ∈ Pera the quantity
sΛ(a)(ω) in the definition of pφ,Pera by any real sa(ω) fulfilling

|Λ(a)|s(Va(ω)) ≤ sa(ω) ≤ sΛ(a)(ω).

b) Let D = {ϕn : n ∈ N} be a countable dense set in B and let ωϕn ∈ S Zd
ϕn (A) for all n ∈ N. Then all

the conditions of part a) hold if l = 0 and for each n ∈ N we have eventually

Pera ⊃ {Ua(ωϕk) : 1 ≤ k ≤ n}.

Example 2. Take Pera = {Ua(ωϕk) : 1 ≤ k ≤ |a|}, or more generally Pera = {Ua(ωϕk) : 1 ≤ k ≤ na}
with lim |Λ(a)|−1 log na = 0.
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Corollary 3. Each limit point of the net
(∑

ω∈Pera
pφ,Pera(ω) Va(ω)

)
is an equilibrium state for φ; in

particular lim
∑
ω∈Pera

pa,φ(ω) Va(ω) = ωφ when ωφ is the unique equilibrium state for φ.

Corollary 4. For each convex open set G containing some invariant state we have

lim max
ω∈Pera,Va(ω)∈G

{
sΛ(a)(ω)− ω(Hφa(Λ(a)))

}
= sup
ω∈G∩S Zd (A)

{s(ω)− ω(Aφ)}

= sup
ω∈G∩S Zd (A)

{s(ω)− ω(Aφ)}

and we can replace G by G in the left-hand side of both equalities. For each ω ∈ S Zd(A) and each convex
local basis Gω at ω we have

s(ω) = ω(Aφ) + inf
G∈Gω

max
ω∈Pera,Va(ω)∈G

{
1

|Λ(a)|
(
sΛ(a)(ω)− ω(Hφa(Λ(a)))

)}
.

Corollary 5. Let D be a dense subset of B, let ωϕ be an equilibrium state for ϕ for all ϕ ∈ D, and
let a → ∞. Then for each invariant state ω, there is a sequence (ϕn) in D, and a subsequence (aαn)
satisfying the following properties:

(i) limVaαn ◦ Uaαn (ωϕn) = ω;

(ii) s(ω) ≤ s(Vaαn ◦ Uaαn (ωϕn)) ≤ sΛ(aαn )

|Λ(aαn )| (Uaαn (ωϕn)) for all n ∈ N;

(iii) The sequences (s(Vaαn ◦ Uaαn (ωϕn))) and (
sΛ(aαn )

|Λ(aαn )| (Uaαn (ωϕn))) are decreasing and converge to

s(ω).

Moreover, (i)-(iii) hold verbatim replacing Vaαn ◦ Uaαn (ωϕn) by ωϕn .


