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Outline
Bialgebras

Def. (bialgebra)

@ unital algebra (B, u, 1)
@ algebra homomorphism A : B — B ® B (comultiplication) s.t.

(A®id)o A= (id®A)o A
@ algebra homomorphism 6 : B — C (counit) s.t.

(6®id) o A = (id®6) o A = id

Def. (convolution)
o for R, M : B®" — B®™ define Rx M := pumo (R®@ M) o A,
e for ¢,1) : B — C this simplifies to o x ¢ := (p ® ) 0 A
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Outline

More on Convolution

Def. (pointwise continuous convolution semigroup)
° (pt)ecr
° ¢¢(a) LimiN d(a) VaeB
O PrXps = Pris VE,S
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Outline

More on Convolution

Def. (pointwise continuous convolution semigroup)
° (pt)ecr
° ¢¢(a) LimiN d(a) VaeB

@ Yt *Ps = Pris Vi,

Then:
° Y= %@t|t:0 exists pointwise

o pr=exp,(t) =0+t + Shxip+ ...
as a consequence of the fundamental theorem for coalgebras
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The Heisenberg Algebra

Heisenberg Algebra

Def. (Heisenberg algebra)

algebra A with generators a, a' and commutation relation

[a, aq —aal —afa=1
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The Heisenberg Algebra

Heisenberg Algebra

Def. (Heisenberg algebra)

algebra A with generators a, a' and commutation relation

[a, aq —aal —afa=1

A bialgebra?

no bialgebra structure s.t.

Aa(T) = a(T) Q 1 + 1 ® a(T)’

since

[Aa,AaT] = [a,aT] RL+1® [a,aq =21®1L#A {a, aT]
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The Heisenberg Algebra

A way out

define comultiplication as algebra homomorphism

A .A5+t —>A5®At,

o A; is algebra with generators a,al and commutation relation
[a,aq =tl
t
o relations respected:

[a,aT] ®]l+]l®[a,aq :s]l®]l+t]l®]l:A({a,aT] )
s t t+s
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Additive Deformations and Cocycles

What are Additive Deformations?

Def. (additive deformation)

@ (ut)ter family of multiplications on bialgebra B
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Additive Deformations and Cocycles

What are Additive Deformations?

Def. (additive deformation)

o (ut)ter family of multiplications on bialgebra B
@ By = (B, ut, 1) is unital algebra
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Additive Deformations and Cocycles

What are Additive Deformations?

Def. (additive deformation)

o (ut)ter family of multiplications on bialgebra B
e B; = (B, ut, 1) is unital algebra
® g =pu, Bp=DB
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Additive Deformations and Cocycles

What are Additive Deformations?

Def. (additive deformation)

o (ut)ter family of multiplications on bialgebra B
e B; = (B, ut, 1) is unital algebra
° uo=p, Bo=B
° Iimoéo,utzéo,u:5®5 pointwise
t—
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Additive Deformations and Cocycles

What are Additive Deformations?

Def. (additive deformation)
o (ut)ter family of multiplications on bialgebra B
e B; = (B, ut, 1) is unital algebra
° po=p, Bo=8
° lméoﬂt=60u=5®5pointwise

@ A:Biis — B ® Bs is algebra homomorphism

Note

| A\

For *-bialgebras (B, pu¢, 1, %) should be x-algebras and A should be a
x-homomorphism.

V.
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Additive Deformations and Cocycles

@ the last condition can be written as

Ao pipys = (pe ® ps) o (Id®T ®id) o(A® A)

~

multiplication on B ® Bs

@ applying the counit § ® § to the last condition yields

doprrs = ((00u) ®(dous))o(ideor®id)o (A A)

comultiplication on B® B

= (00 pe)* (60 ps)

@ (J o ut)e>0 pointwise continuous convolution semigroup
— &0 pur = exp,(tL)
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Additive Deformations and Cocycles

The Generator of an Additive Deformation

1-1-correspondence between additive deformations and generators via the

equations

d

L= 00m fie = ju % exp,(tL)
t t=0
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Additive Deformations and Cocycles

The Generator of an Additive Deformation

Thm. (J. Wirth, 2002)

1-1-correspondence between additive deformations and generators via the

equations

d
L= —dopu

T fie = ju % exp,(tL)

t=0

Def. (generator of an additive deformation)
@ [(1®1)=0 (L is normalized)
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Additive Deformations and Cocycles

The Generator of an Additive Deformation

Thm. (J. Wirth, 2002)

1-1-correspondence between additive deformations and generators via the

equations

d
L= —dopu

T fie = ju % exp,(tL)

t=0

Def. (generator of an additive deformation)
o [(1®1)=0 (L is normalized)

@ Lxpu=pxL (Liscommuting)
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Additive Deformations and Cocycles

The Generator of an Additive Deformation

Thm. (J. Wirth, 2002)

1-1-correspondence between additive deformations and generators via the

equations

d
L= —dopu

T fie = ju % exp,(tL)

t=0

Def. (generator of an additive deformation)
o [(1®1)=0 (L is normalized)
@ Lxpu=pxL (Lis commuting)

@ 0RL+Lo(id®u)=L®6+ Lo (u®id)
(L is 2-cocycle)
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Additive Deformations and Cocycles

The Generator of an Additive Deformation

Thm. (J. Wirth, 2002)

1-1-correspondence between additive deformations and generators via the

equations

d
L= —dopu

T fie = ju % exp,(tL)

t=0

Def. (generator of an additive deformation)
o [(1®1)=0 (L is normalized)
@ Lxpu=pxL (Lis commuting)

00QL+Lo(dRu)=L®d+Lo(p®id)
(L is 2-cocycle)
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Additive Deformations and Cocycles

The Generator of an Additive Deformation

Thm. (J. Wirth, 2002)

1-1-correspondence between additive deformations and generators via the

equations

d
L= —dopu

T fie = ju % exp,(tL)

t=0

Def. (generator of an additive deformation)
o [(1®1)=0 (L is normalized)
@ Lxpu=pxL (Lis commuting)

e 0®L+Lo(dop)=L®5+ Lo(p®id)
(L is 2-cocycle)

Last condition corresponds to associativity:
pe o (id®u) = pr o (e ®id)  Vt
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Additive Deformations of Hopf Algebras

Hopf Algebras

Def. (Hopf algebra)
@ bialgebra B
@ linear map S : B — B s.t.

po(S®id)oA=po(id®S)oA =16

/

Sxid S
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Additive Deformations of Hopf Algebras

Hopf Algebras

Def. (Hopf algebra)
@ bialgebra B
@ linear map S : B — B s.t.

po(S®id)oA=po(id®S)oA =16

/

Sxid S

How does the antipode property carry over to additive deformations?
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Additive Deformations of Hopf Algebras

Deformed Antipodes

Def. (Hopf deformation)

exist linear mappings S; : B — B s.t.

peo (St ®id)o A = pro(id®S;) o A =16

Every additive deformation of a Hopf algebra is a Hopf deformation.
Properties:

4 St(]].) =1
@ S;:B_; — B; is algebra antihomomorphism
@ (5:®S5)oToA=A0S5,

@ (00 S¢)ter is pointwise continuous convolution semigroup
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Additive Deformations of Hopf Algebras
|dea of the proof

Assume we have a Hopf deformation and 6 o §; = exp,(to).
— apply 0 to the deformed antipode condition:

dopro(St®id)oA=dopuro(id®S)oA =94
— differentiate at t = 0:
Lo(S®id)+(c®d)oA=Lo(idrS)+ (0 ®@0c)ocA=0

or equivalently
o=—Lo(S®id) =—Lo (id®S).

— We have to prove that S x exp,(—tL o (S ®id)) fulfills the condition for
the deformed antipodes.

The extra conditions for the S; are proven similarly as for the usual
antipode.
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Examples

Once more the Heisenberg Algebra

Given:

@ polynomial algebra in two commuting indeterminates C [x1, x2]
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Once more the Heisenberg Algebra
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Malte Gerhold (Greifswald University) Additive Deformations of Bialgebras 17.08.2010



Examples

Once more the Heisenberg Algebra

Given:
@ polynomial algebra in two commuting indeterminates C [x1, x2]

@ Hopf algebra structure with primitive comultiplication

Ax)=x21+10x 6x)=0 S(x)=—x

Malte Gerhold (Greifswald University) Additive Deformations of Bialgebras 17.08.2010



Examples

Once more the Heisenberg Algebra

Given:
@ polynomial algebra in two commuting indeterminates C [x1, x2]

@ Hopf algebra structure with primitive comultiplication

Ax)=x21+10x 6x)=0 S(x)=—x

For an additive deformation p; = p % exp, (tL)

[x1,x0], = pxexp, (tL)(x1 ® x2 — x2 @ x1) = tL(x1 @ X2 — xo @ x1)1

Proposition

Lx1 ®x2) =1/2, L(x2 @ x1) = —1/2 and L(M ® N) = 0 on all other
monomials defines a generator of an additive deformation s.t. By = A;
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Examples

g-Heisenberg algebra

Given:
o algebra with generators x, y, h, A~ with relations

Xy = qyx hh™t=1=~h"1h
xh = ghx yh = ghy
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g-Heisenberg algebra

Given:
o algebra with generators x, y, h, h~1 with relations

Xy = qyx hh™t=1=~h"1h
xh = ghx yh = ghy

@ Hopf algebra structure with

AX)=x21+h 't ox d(x)=0 S(x) = —x
Aly)=y®@1+h®y 6(y)=0 S(y)=-vy
A(h*) = hK @ bk S(hy=1  S(h*)=h*k
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Given:
o algebra with generators x, y, h, h~1 with relations
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g-Heisenberg algebra

Given:
o algebra with generators x, y, h, h~1 with relations

Xy = qyx hh™t=1=~h"1h
xh = ghx yh = ghy

@ Hopf algebra structure with

AX)=x@1+htox d(x)=0 S(x) = —x
Aly)=y®1+h®y é(y)=0 S5(y)=-y
A(h*) = h* @ b S(hy=1  S(h*)=h"k

Proposition

L(h*x @ yh') = 1/2, L(h*y @ xh') = —1/(2q) and L(M ® N) = 0 for all
other monomials defines a generator with p:(x ® y — gy ® x) = t1
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